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BBinomial Theorem | 


“Obvious” is the most dangerous word in mathematics......... Bell, Eric Temple 


Binomial expression : 
Any algebraic expression which contains two dissimilar terms is called binomial expression. 
1 


For example : x + y, x?y + a ,3-X, vx? +14 se 
xy (x° +1) 


Terminology used in binomial theorem : 


Factorial notation: [nor n! is pronounced as factorial n and is defined as 
ale n(n —1)(n—2)....... 3.2.1; if neN 
a 1 : if n=0 
Note: n!=n.(n—1)! ; neN 


Mathematical meaning of "C,: The term "C, denotes number of combinations of r things choosen from n 


| 
distinct things mathematically, "C= ace n,reW,O<r<n 
n 


—r)! or! 
Note : Other symbols of of "C, are " and C(n, r). 


Properties related to "C : 


Note: If "C,="C, S Eitherx=y or x+y=n 


(iii) = 
. Cry E 
n n(n—-1 n(n—1)(n—-2)......... n-(r-1 
iy Ge DG, ee, Sense in eee) 
r r(r —1) r (r—1)(r—2)....... 2.1 
(v) If n and r are relatively prime, then °C, is divisible by n. But converse is not necessarily true. 


Statement of binomial theorem : 
(a + bp ="C, ab? + °C, a™'b' + "C, at b? +...4 °C am br +...... +", a? br 


where n —« N 


n 
or (a+ b)r= > oa 
r=0 


Note: If we put a = 1 and b = x in the above binomial expansion, then 
or (1+ x)" ="C, 4+°C, x +O, x? +...4 "CO x +...4"C, x" 


n 
or (1+x)"= > "Cc, x! 
r=0 
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Example # 1: 


Solution : 


Example # 2 : 


Solution : 


Expand the following binomials : 

4 
(i) (x+2)° (ii) ' . =) 
(i) (x+2)° = 5C,x® + 8C,x! (v2) + °C,x° (v2) + °C, x2( V2) +5C,x (v2) + sc, (V2) 


= x5 45/2 x44 20x3 + 20/2 x24 20x +4/2 


10 
Expand the binomial & x] up to four terms 
X 


10 10 9 8 7 
ta «| = C, (2) + 10C, (2) x + 1C, (2) x? + 10C, (2) XO se: 
x x x x x 


Self practice problems : 


(1) 


(2) 


Ans. 


6 
Write the first three terms in the expansion of [2 — 4 : 


5 
2 
Expand the binomial [53] . 
Xx 


(1) 64 — 64y + 20 y? (2) + x4! Cis ae 
3 3 X 


Observations : 


PN Resonence = 
Eau ts bate Someta 


The number of terms in the binomial expansion (a + b)"is n+ 1. 

The sum of the indices of a and b in each term is n. 

The binomial coefficients ("C,, "C, ......... "C_) of the terms equidistant from the beginning and 
the end are equal, i.e. "C,="C,,"C,="C__, etc. {.- "°C, ="C__} 


n-1 


The binomial coefficient can be remembered with the help of the following pascal’s Triangle 
(also known as Meru Prastra provided by Pingla) 


Index of the binomial The binomial coefficient 
0 1 
1 1 1 


2 i 

: Oa Ne 

4 ST 

5 1 5 10 10 5 1 
Regarding Pascal’s Triangle, we note the following : 
Each row of the triangle begins with 1 and ends with 1. 


Any entry in a row is the sum of two entries in the preceding row, one on the immediate left and 
the other on the immediate right. 
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Example #3: The number of dissimilar terms in the expansion of (1 + x*— 2x? )'5 is 

(A) 21 (B) 31 (C) 41 (D) 61 
Solution : (1 — x2)30 

Therefore number of dissimilar terms = 31. 


General term : 


(x +y)P="C, xryo 4 CO xt yt + PG Oe ccevsionaind +", x? yr 
(r + 1) term is called general term and denoted by T_,, 
T “as "C. xm y' 
Note: Ther term from the end is equal to the (n —r + 2)" term from the begining, i.e. "C,_.., xt-tyn-rtt 
if, 
Example#4: Find (i) 15" term of (2x — 3y)?° (ii) 4" term of & - y| 
Solution : (i) Taga = PCy (OP Hay)" = tC, 23" ey" 


(i) 7), =7C, ( xy (-y)? ="C, (2) xtye 


, 4 \600 
Example #5: Find the number of rational terms in the expansion a 25 3 


1 4600 
Solution : The general term in the expansion a2 +38 is 


a ae Gan 600-r 
Tg = 6000 [2 [= =60C 293 35 


The above term will be rational if exponent of 3 and 2 are integers 
600-r 
3 


It means 


and 5 must be integers. 


The possible set of values of r is {0, 15, 30,45............ ,600} 
Hence, number of rational terms is 41 


Middle term(s) : 


th 
(a) If nis even, there is only one middle term, which is [222 term. 


th th 
(b) If n is odd, there are two middle terms, which are (2) and Ga) terms. 


Example #6: Find the middle term(s) in the expansion of 


(i) (1 + 2x)'2 (ii) [zy - | 
Solution : (i) (1 + 2x)!? 


Here, n is even, therefore middle term is tak term. 


It means T_ is middle term T, = 'C, (2x)® 


(i) [2y- 


Here, n is odd therefore, middle terms are (He) & ( - alle 


It means T, & T, are middle terms 


T, = "C. (2y)é ae y® > T= "C, (2y)s As _ C6 v7 
6 5 y) 5 7 6 ) 
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16 
Example #7: Find term which is independent of x in [x - 4 
X 


r 
Solution : Tha =, 0" (--] 


For term to be independent of x, exponent of x should be 0 
32 — 2r = 6r > r=4  .. T, is independent of x. 


Numerically greatest term in the expansion of (a + b)",n e N 
Binomial expansion of (a + b)" is as follows : - 
(a+b)"="C, arb° + °C, a™'b' + °C, a®*b? +...4 "Cam b'+...... + °C, a? bn 
If we put certain values of a and b in RHS, then each term of binomial expansion will have certain 
value. The term having numerically greatest value is said to be numerically greatest term. 


Let T, and T_,, be the r and (r + 1)" terms respectively 
T, = "Cc, amt) b= 
Ti ="C, a™ br 
ver Trt | _ "C, a™' bo | n-r+1 |b 
T a oe ght prt r a 
Consider | 11. | > 1 
qT, 
[ae b|., Het 4a|@ Pm 
r a r b a 
1+] — 
b 
feed : 
Case - I When is an integer (say m), then 
1+] — 
b 
(i) T,, > 1, when r<m (r=1,2,3....,m—1) 
i.e Ty > Ty, Tz> Ta, «ee ¢ La Tay 
(ii) THT, when r=m 
1.€ Nini = if 
(iii) Ty <T, when r>m (r=m+1,m+2,.......... n) 
i.e Tea Tigegcs. Una lage estore eres Tha<Tl, 
Conclusion : 
When — = is an integer, say m, then T, and T__, will be numerically greatest terms (both terms are 
1+] — 
b 


equal in magnitude) 


Case - II 
When is not an integer (Let its integral part be m), then 
(i) TL, > T, when r< ios Pree ae Preeerper , m—1, m) 
i.e. Tigi Vga: Vig Toy. wesesteeneenss sat > Tm 
(ii) Tai, when r > (FS Ly I$ 2, scecnnccsanaes n) 
i.e. TOo<T fl eee <a | ere » Init < Tn 


m+2 m+1 9 © m+3 
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Conclusion : 


When is not an integer and its integral part is m, then T 


Note : (i) 


(ii) 


Example #8: 


Solution : 


will be the numerically greatest term. 


m+1 


In any binomial expansion, the middle term(s) has greatest binomial coefficient. 
In the expansion of (a + b)" 


n No. of greatest binomial coefficient Greatest binomial coefficient 
Even 1 "SC 
Odd 2 is 1)/2 and "C (n+ 1)/2 


(Values of both these coefficients are equal ) 
In order to obtain the term having numerically greatest coefficient, put a = b = 1, and proceed 
as discussed above. 


Find the numerically greatest term in the expansion of (7 — 3x)? when x = : : 
n+1 25+1 
m= = ® 


aa. 
[m] = ([m] denotes GIF) 
“ T,is rer greatest term 


Self practice problems : 


Ans. (3) 


9 
Find the term independent of x in [ - 3) 
X 


The sum of all rational terms in the expansion of (317 + 51?)'4 is 
(A) 32 (B) 3% + 5’ (C) 37 + 5? (D) 5” 


18 
Find the coefficient of x? in (1 + x? + x‘) t - 7 
Xx 
Find the middle term(s) in the expansion of (1 + 3x + 3x? + x3) 
Find the numerically greatest term in the expansion of (2 + 5x)?! when x -2 : 


28.37 (4) B (5) -681 
"Co, xen (7) Ty, = Ty. =71C,, 27! 


Example # 9 : Show that 7" + 5 is divisible by 6, where n is a positive integer. 


Solution : 


Example # 10: 


Solution : 


+5 =(14+6)7+5="C,4+°C,.64+°C,.6?+....... +°C, 6" +5. 
=6.C,+ 67.0, +... +C,.6"+6. 


= 6A, where A is a positive integer 
Hence, 7" + 5 is divisible by 6. 


What is the remainder when 7°" is divided by 5. 

78! = 7.7° = 7. (49)* = 7 (50 — 1)*° 

= 7 [(®C, (50) = C, (50) + icccasiss — 9C,,, (50)' + °C,, (50) 
= 5(k) + 7(where k is a positive integer) = 5 (k +1) +2 
Hence, remainder is 2. 
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Example # 11 : Find the last digit of the number (13)"?. 
Solution : (13)? = (169) = (170 — 1)® 


= 6G, (170) — 8C, (170)° +........ — 8C, (170)' + °C, (170)° 
Hence, last digit is 1 
Note : We can also conclude that last three digits are 481. 


Example-12 : Which number is larger (1.1)'°°° or 10,000 ? 
Solution : By Binomial Theorem 
(1.1) 100000 = (1 + 0.110000 = 4 + 10000C (0.1) + other positive terms 


= 1 + 100000 x 0.1 + other positive terms 
= 1 + 10000 + other positive terms 
Hence (1.1)19°° > 10,000 
Self practice problems : 


(8) If n is a positive integer, then show that 6"— 5n — 1 is divisible by 25. 
(9) What is the remainder when 37’ is divided by 80 . 


(10) Find the last digit, last two digits and last three digits of the number (81)?> 
(11) | Which number is larger (1.3)? or 600 

Ans. (9) 3 (10) 1,01, 001 (11) —— (1.3)20, 

Some standard expansions : 


(i) Consider the expansion 
n 
(x+y)? = bs On cae ere Uke ere ak’ le ern $C XY $ ceceeeeee +O xy? ....(i) 
r=0 


(ii) Now replace y — — y we get 
n 
(x—y)"= be (— 1) xmr yr = C, xn y0— 90 xt yt gC (1x yng eC (— 1h x? yr... (ii) 
r=0 
(iii) | Adding (i) & (ii), we get 
(x + y)" + (XK —y)" = 2[PC, x7 y+ "Cy x=? YR tee ] 
(iv) Subtracting (ii) from (i), we get 
(x + y)"— (x —y)" = 2[PC, xn-1 yt + °C, xe-8 Yo ee. ] 


Properties of binomial coefficients : 


(1+ x)"=C, + 0,x + Cx? + .. + OX + cece $GXT ii (1) 
where C, denotes °C, 


(1) The sum of the binomial coefficients in the expansion of (1 + x)" is 2" 
Putting x = 1 in (1) 
MO, +0, $C, + once $C = ema (2) 
n 
or > "CG. =2" 
r=0 


(2) Again putting x = —1 in (1), we get 
Oa On ee ea eens (19, =O ae (3) 
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(3) The sum of the binomial coefficients at odd position is equal to the sum of the binomial 
coefficients at even position and each is equal to 2™". 
from (2) and (3) 


(4) Sum of two consecutive binomial coefficients 
"C. + "Cc, = mG 
n! n! 


L.H.S. ="G, 4". -= i 
(n—r)! rl! (n—r+)! (r—1)! 


n! [t+ 1 
(n—r)! (r-1)! [Lr n-r+1 


_ n! (n +1) 
. (n—r)! (r—1)! r(n—r +1) 
| 
- 04" mig = RHS. 
(n—r+1)! r! 
(5) Ratio of two consecutive binomial coefficients 
"GC, _n-r+1 
"Cr E 
(6) ie att mC, n(n —1) 02 vessesstee _ n(n—1)(n—2)......... (n—(r—1)) 
‘or ‘ r(r —1) ‘ r (r—1)(r—2)....... 2.1 
Example # 13 : If (1 + x)" = ©, + ©,x + O,xX? + ee +¢,x", then show that 
(i) C, +40, + 4°C, +... +4°C =5" (ii) 30, +5C,+7.C,+........ + (2n+3)C,=2"(n +3). 
n+1 
(iii) 6.4 y, Se 5 Og iste’ + Cn ee. 
2 3 4 n+1 n+1 
Solution : (i) (1+ x)"=C, +0, x+C,x? 4 +C x" 
put x = 4 
C, + 4C, + 4°C, +... +4°C =5". 


(ii) L.H.S. = 30, +5C, + 7.0, +........ +(2n+3)C, 


=5°(2r+3) rs Oe 25". "C. + 3y:"C, 
r=0 r=0 


r=0 


7 n 
=2n "1G, +3 D1"C, = An. 20-143, 29 = 2"(n +3) RHS 


tel r=0 
(iii) I Method : By Summation 
os + C2 + Cs Peotat aces + Ch 
2 3 4 n+1 
n n+t 
2S HC HEE ee. a= =" pS. 
=O < ~ net Fr ‘i r+ n+1 
II Method : By Integration 
(14+ x)"=C,+ C,x + Ox? +... + C_x". Integrating both sides, within the limits 0 to 1 
n+1 x2 3 nt]! 
ane Cx +C, — rie — +... rh 6 et 
n+1 : n+1 5 
n+1 
at Gee, ies + Cn -0 
n+1 n+ 2 3 n+1 
n+1 
Gp 44 8 seeeeeets + SiS A erated 
2 3 4 n+1 n+ 
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Example # 14: lf (1 + x)"=C©, + ©,x + C,x? + ........ + C_x", then prove that 


(i) C,C, + C,C, + 0,0, +... +C,,C,="C jor 7C., 
(ii) 1G Pe BF CP AF PB nicseasss +mC?.=n?2-2C 
Solution : (i) (1+ x)"=C,+O0,x + C0,x? + ... OR ata (i) 
(x + 1)" = C,xr + O,xr- "4+ Coxe? + PRP sits (ii) 
Multiplying (i) and (ii) 
(C, + ©,x + Cx? + + CO, x") (Cyx" + O,x 1 + eee + C,x°) = (1 + x)" 
Comparing coefficient of x™, 
C,C, + 0,0, + 0,0, +... +C,,C,=7C,_,or *C,. 
(ii) (1 +x)? =C, + C,x + Ox? + we. POX eng (i) 
differentiating w.r.t X...... 
n(1 + x)™' = C, + 20x + 3C,x? + ...... +n, x. 
multiplying by x....... 
nx(1 +x)" =C,x + 20x? + 3C,x? + ......... +nC, x" 
Now differentiate w.r.t. x... 
n(1 + x) + nm (n—1)x.(1+x)?? = 12C, + 2°C,x + 3°C,x? + ....... sg Oe ee (ii) 
(x + 1)" = C,xr + O,xr- "4+ Coxe? + $i (iii) 
multiplying (ii) & (iii) and comparing the cofficient of x™" 
12,024 22.02 43% C2 + cccccun +n?C,2. = n(7"'C,_,-7"? C,_2) +m? 2G, , 
=n?22C = R.H.S. 
Example # 15 : Find the summation of the following series — 
CG NG eS a cvaatannetin +", alte” taal CA ae eae Oe” Neen +n. tC, 
Solution : (i) I Method : Using property, "C, +"C_, ="'C, 
Oe a Oe a Oe rere +°C. 
OG eG saasntsntniens +c 
eds Oe ads Oe LL ae ere ne $n, {vt =™C, } 
Be Og Ca Asritieanblintis OG SBC ob cesseensereee +O, =" + °C, = C,, 
II Method 
ae ae RP aiainclians +O 
The above series can be obtained by writing the coefficient of x™ in 
(14+ x)™4 (14 X)™t 4. + (1+ x)" 
LetS =(14x)™+4+(14+X)™ 4. + (1+4-x)" 
n-m+1 
ae [eae = (1 xy Hie" 
X X 
= coefficient of xm in ( a a a =r t0=C. 
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(ii) Oe ea Oe a es Oe eee +n. 2c, 

The above series can be obatined by writing the coefficient of x° in 
(14x)P+2.(14+x)h143. (14 xX) 4 i, +n. (1 +x)? 
Let S=(14+x)P+2.(14x)"143. (14x)? 4 tN(14xyrt (i) 
(14+x)S = (14+x)ht42 (14x) 4 ee +(n—1) (1 +x)? + (1 + x)?" (ii) 
Subtracting (ii) from (i) 
—xS =(14+X)P4+ (14x) 14 (14 Xx)? 4 ee + (1 + x)? — n(1 + x)? 

(14+x)"| 14x)" =1] 
= —n(1 +x)?" 

X 
= 2n n 2n 
S = (1+ x) a , n(1+x) 
x x 


x°:S (coefficient of x? in S) 
Sexy" 4Ciexy" -nlesg” 
x? x 
Hence, required summation of the series is —?°C, + "C, +n. °C, 


xe: 


Example # 16 : Prove that C, -C, + C,—........ = 2" sin = 
Solution : Consider the expansion (1 + x)"=©,+C,x+C, x? +...... +C,x" vagal) 
putting x = —i in (i) we get 
(1-i=C,-Cji-C,+C,i+C,+....... ely or 
or ome os(-2 ; ae sin (-))- (CH640-.5)51Ce0462.). .2) 
Equating the imaginary part in (ii) we get C, -C, + C, —........ = 2°? sin - 


Self practice problems : 


(12) Prove the following 


(i) BC, + 7C, + 9C, + ccccsaersane + (2n+5)C, =2"(n+ 5) 
4? 3 ni n+1 
(ii) 4C,+ = C,+5 a Ae acai ent rape os L 
n+1 n+1 
(iii) "Cy a +"C,. - ae 5 Ne I sideeaiannaie +°C,.'C, =2"' (n+ 2) 
(iv) Oe a ON reer +°C,=™IC, 


Binomial theorem for negative and fractional indices : 


IfneR,then (14+x)>=14nx+ nin} 2 eee Te ono 
Gajalsta@s etorsiarsiaiaala) sie mie =)in Seed =< aa) diaadeeceesaeeaenaaa COs 
r | 
Remarks 
(i) The above expansion is valid for any rational number other than a whole number if | x | < 1. 
(ii) When the index is a negative integer or a fraction then number of terms in the expansion of 


(1 + x)" is infinite, and the symbol "C, cannot be used to denote the coefficient of the general 


term. 
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(iti) The first term must be unity in the expansion, when index ‘n’ is a negative integer or fraction 


L : n (n-1)(y 
ite) aie, 2 ey) o., if |X| <1 
X X 2 ! X X 
(x+y)"= 
n 2 
"(| yen %.20-1/%) Hadas if + <1 
y 2! \y y 
(iv) The general term in the expansion of (1 + x)"is T,, = dla le hn — ay 
r 
(v) When ‘n’ is any rational number other than whole number then approximate value of (1 + x)" is 
1 + nx (x? and higher powers of x can be neglected) 
(vi) Expansions to be remembered (|x| < 1) 
(a) (14xX)t=1-X4+xX?-X84 + (-1))X + eee 00 
(b) (1-xyt=14xX4+X? 4X8 4 AXE AP sissies: So) 
(c) (14x)? =1-2x + 3x?- 48 + + (-1)' (r+ 1) Xo 4+ eee oo 
(d) (1—x)?=142x 43x? 4+ 4804 + (P+ 1)X 4+ eee Se) 


Example # 17 : Prove that the coefficient of x‘ in (1 — x) is ™"'C_ 
Solution: (r + 1)" term in the expansion of (1 — x)“ can be written as 

T n(—n —1)(—n — 2)......(-n —r +1) 
r | 


3 (x)= n(n+1)(n ae +r —1) , 
r | r | 
(n—1)! n(n +1)......(n +r —1) 


_1)! 
= x' Hence, coefficient of x' is Were 


=""IC Proved 
(n-1) !r! (n—1)! r! 


Example-18 : If x is so small such that its square and higher powers may be neglected, then find the value of 
(=20)"" 4(146x)"" 


(9+ ¥\' 
1 2 +1 = 4/2 
2 113 -3/2 = aaa = 
Solution : iyeey) ee) es — ss [2 ass x| (142) 
(9+x) 2 m 6) 3\°" 6 9 
9 


Be te ee a ee ey 
3 6 18) 2 9 6 18 12 36 
Self practice problems : 


(13) Find the possible set of values of x for which expansion of (3 — 2x)'? is valid in ascending 


powers of x. 
2 3 
(14) Ify = 7 gs 2 + USE fe $f sduliawiesvaee , then find the value of y? + 2y 
5 2!\5 3! (5 
(15) The coefficient of x®° in oe is 
—X 
(A) 500 (B) 1000 (C) -1173 (D) 1173 
Ans. (13) x <(-3. 3 (14) 4 (15) Cc 
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n n 
| 
Multinomial theorem : As we know the Binomial Theorem (x + y)" = iy NG. Sete = aa xy! 


‘ n! 
puttingn-r=r,,r=r, therefore, (x+y)"= > ra xt, y? 
Gtta=n 1° 2° 


Total number of terms in the expansion of (x + y)" is equal to number of non-negative integral solution 


ofr, +r,=n Le. MIC, =™C, =n+1 
In the same fashion we can write the multinomial theorem 
n! r t i 
(Ky FIG PG aeeceeaeact Xr = Xy XS. XiE 
Hy! tol... q! 
ttot.th=n 1° 2 k 
Here total number of terms in the expansion of (x, + X, + ws + X,)" is equal to number of non- 
negative integral solution of r, +1, + ........ +h=n Le EG 


Example # 19: Find the coefficient of a?b°c*d in the expansion of (a-—b-—c +d)'° 


Solution : (a-—b-c+d)" = uel (a)" (-b)? (-c)® (d)% 
r,! tolre! r,! 
fytfy- tty tty=10 1 23 14° 
we want to get a? b* c* d this implies that r,=2,7,=3,7,=4,r,=1 
| 
coeff. of a’ b? c+ d is ome (—1)* (-1)* =—- 12600 
2! 3! 4! 1! 


oh 
Example # 20 : In the expansion of ( +X+ 4 , find the term independent of x. 
Xx 


11 Ig 
Solution : [14x42] = >» a (1)" (x)? (2) 


| | 
ty tlo+fg=11 ic: ted, Te 


The exponent 11 is to be divided among the base variables 1, x and Zz in such a way so that we 
X 


get x°. Therefore, possible set of values of (r,, r,, f,) are (11, 0, 0), (9, 1, 1), (7, 2, 2), (5, 3, 3), (3, 4, 4), 


(1, 5, 5) 
Hence the required term is 
| | | | | | 

(11)! (79) + (11)! 74 (11)! 72 4 (11)! 734 (11)! 744 (11)! 75 

11)! 9!1!1! 7!2!2! 513 !3! 3!4!4! 1!5!15! 

(11) 

4 (11)! 2! 714 (11)! 4! gy A 6 ! i 

aoe te oe ee 7!4!°212! 5161 3131 
(11) ! 8 ! 744 (11) ! (10) ! 5, 
3!8! 414! 1!10!° 515! 


5 
= 14O 520) 2 TCG PHC. 605, ENO POT eNO PO Pee LY Ci 2 °C, 7! 
r=1 


Self practice problems : 


(16) The number of terms in the expansion of (a+b+c+d+e)"is 
(A) "4C, (B) 8c. (C) ™5C_ (D) n+ 1 


(17) Find the coefficient of x? y? z' in the expansion of (x — 2y — 3z)’ 
(18) Find the coefficient of x” in (2x?— x — 3)° 


Ans. (16) A ee (18) 2304 


DIN Resonsnce” [ws = ee 
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